The statistics of the energy and helicity fluxes in isotropic turbulence are studied using high resolution direct numerical simulation. The scaling exponents of the energy flux agree with those of the transverse velocity structure functions through refined similarity hypothesis, consistent with Kraichnan's prediction [1] . The helicity flux is even more intermittent than the energy flux and its scaling exponents are closer to those of the passive scalar. Using Waleffe's helical decomposition, we demonstrate that the existence of positive mean helicity flux inhibits the energy transfer in the negative helical modes, a non-passive effect.
In 3D magnetohydrodynamic turbulence, the presence of mean magnetic helicity may affect the inertial-range scaling laws [13] . Perhaps the most intriguing evidence of a hidden role for helicity in hydrodynamic turbulence is from the so-called "shell models". In a family of such models, the GOY shell models, it has been found numerically in [14] that the scaling exponents of the energy flux are nearly identical to those for 3D Navier-Stokes precisely for the members of the family which have a helicity-like invariant. The statistics of the helicity flux itself have also been studied in the GOY models [15] and in a related class of "helical shell models" [16] . However, so far the statistics of the helicity flux have yet to be explored in 3D turbulence. It is the purpose of this Letter to study the statistics of energy and helicity fluxes in 3D hydrodynamical turbulence by direct numerical simulations, both with and without a nonzero mean helicity.
We have simulated the Navier-Stokes (NS) equation in a 512 3 domain. The kinetic energy is forced in the first two shells [17] . To add positive mean helicity into the flow, we rotate the real and imaginary parts of the velocity vector Fourier amplitude also in the first two shells to be always perpendicular to each other with the same handedness [11] . The NS equation was solved using a pseudo-spectral parallel code with full dealiasing. The time stepping was a second-order Adam-Bashforth method with a modified Euler method for the initial time step. A statistical stationary state was achieved after five large-eddy turnover times.
In Fig. 1 we plot the energy and helicity spectra of this final steady-state, in the case with mean helicity input. Both spectra have about a decade and a half where a −5/3 power-law holds. In Fig. 2 we show for the same simulation the mean spectral fluxes of energy and helicity as a function of wavenumber, normalized by mean energy dissipation ε = ν |∇u| 2 and mean helicity dissipation δ = 2ν ∇u : ∇ω . There is about a decade of inertial range where these fluxes are constant.
The importance of a local energy flux for studying intermittency in the 3D energy cascade was first emphasized by Kraichnan [1] , who used banded Fourier series to define such a quantity. The local flux Π E,∆ (x) measures transfer of energy into small length scales < ∆ at a fixed point x in physical space. Kraichnan proposed a refined similarity hypothesis (RSH) which relates the scaling exponents ζ p of the velocity structure functions, defined as |∆ ℓ u| p ∼ ℓ ζp , to the scaling exponents τ p of the energy flux, defined by
Here |∆ ℓ u| is the magnitude of the vector velocity increment. Precisely, the RSH relation
. Equivalently, this relation may be stated as the equality ζ p = ζ E p , with the latter defined by
for L ≫ ∆ ≫ η, where L is the integral length and η the dissipation length. To test this relation here we shall use instead a smooth filter to differentiate the large-scale and smallscale modes, as in our earlier work [18] . This is the same method used in the large-eddy simulation (LES) modeling scheme [19] . A low-pass filtered velocity u = G ∆ * u with scales < ∆ removed obeys the equation
in the limit of high Reynolds number, where viscous terms can be neglected. Here f , p are the filtered forcing and pressure, respectively, and τ = u ⊗ u − u ⊗ u is the turbulent stress, or spatial momentum transport induced by the eliminated small-scale turbulence. From this equation, a balance equation is easily derived for the local density e ∆ = 1 2 |u| 2 of the large-scale energy [18] :
in which the current J E,∆ represents space-transport of the large-scale energy, F E,∆ = f·u is the energy input from the force, and
is the energy flux out of the large-scales and into the small-scale modes. See also [20, 21] .
In the same way we can derive a balance equation for the density h ∆ = u·ω of the large-scale helicity:
See [22] . Here J H,∆ is a space transport of large-scale helicity and F H,∆ is the input from the forcing, while
is the local helicity flux to small scales < ∆. A set of scaling exponents ζ H p corresponding to the helicity cascade can be defined by
for L ≫ ∆ ≫ η.
In Fig. 3 we plot the structure functions of the energy and helicity fluxes that appear on the lefthand sides of Eqs. (2), (8) for integer values of p from 1 to 9.
We use the Extended Self-Similarity (ESS) procedure [23] to extract the scaling exponents velocity differences are known to be more intermittent than the longitudinal ones [24, 25] and thus must dominate in the structure function for which Kraichnan's RSH was proposed, which includes all velocity components. As may be seen from Fig. 4 , the scaling exponents ζ T p and ζ E p are quite close for each p , in agreement with Kraichnan's RSH [1, 18] . However, the scaling exponents for helicity flux are smaller, ζ H p < ζ E p , indicating that the helicity flux is intrinsically more intermittent than the energy flux. This is consistent with the picture of the helicity acting similarly as a passive scalar, since it is well-known that the scaling exponents of the scalar are smaller than those of the advecting velocity itself [26, 27] . As shown in the inset of Fig. 4 , the scaling exponents of helicity flux are indeed rather close to those of passive scalars [28] . It is worth emphasizing that the relation between the scaling exponents of energy flux and helicity flux found here is exactly the opposite of that observed in the shell models. In [15] it was shown numerically that the helicity flux in the GOY shell model is less intermittent than the energy flux there, while in [16] it was shown for the "helical GOY3 model" that energy and helicity fluxes are equally intermittent. Thus, despite the fact that the energy flux statistics of the helicity-conserving shell models are very similar to those of 3D Navier-Stokes [14] , nevertheless the helicity-flux statistics of these shell models are qualitatively different from those of Navier-Stokes. This is discussed further in [22] .
Fluctuations of the fluxes Π E,∆ (x, t) and Π H,∆ (x, t) in the joint cascade can also be described by the single-point probability density functions (PDF's), which we have calculated at various values of ∆ in the inertial range. In Fig. 5 are plotted these PDF's for ∆/η = 64.
µ represents the mean of the flux and σ stands for the standard deviation of the flux. The PDF of the energy flux agrees with the results reported earlier in [21] . There is an obvious skewness with a long tail to the right, indicating the forward cascade of energy preferentially to smaller scales. To our knowledge, the result on the helicity flux PDF in Fig. 5 is entirely new. In contrast to the PDF of the energy flux, it is nearly symmetric. This is because the helicity is indefinite in sign and can be both positive and negative, while kinetic energy is always positive. Therefore, the long tail of helicity flux to the left does not indicate backward transfer of positive helicity but instead forward transfer of negative helicity. This argument can be made precise by means of the helical decomposition of the velocity field [29] . One
where h s (k) for s = ± are eigenvectors of the curl: ik×h s (k) = s|k|h s (k). As shown in [29] , the + modes carry only positive helicity and the − modes only negative helicity. If we likewise decompose vorticity as ω = ω + + ω − , we can define
and then Π In Fig. 6 (a) are plotted the 1-point PDF's of Π ± H,∆ for nonzero mean helicity with the inset for zero mean helicity. It may be seen that the PDF of the + mode is skewed to the right, while that of the − mode is skewed to the left, indicating that both positive and negative helicity prefer to cascade forward to smaller scales. We can not see much difference between nonzero mean helicity and zero mean helicity. In Fig. 6(b) are plotted the 1-point PDF's of Π ± E,∆ for nonzero mean helicity with the inset for zero mean helicity.
Although the PDF of Π + E,∆ is similar to that for the total energy flux itself, and skewed to the right, the PDF of Π − E,∆ is much more nearly symmetrical for nonzero mean helicity case .
Therefore, the positive mean flux of helicity seems to inhibit forward transfer of energy in the − modes, exhibiting the "non-passive" character of helicity in fully-developed turbulence.
This discovery is in agreement with the assertion of Kraichnan [7] that interactions will be strongest between the helical modes of the opposite signs. See also [29] .
To see further how the helicity flux affects the energy flux we have calculated the PDF of the energy flux conditioned on the value of the helicity flux, in the case with δ = 0. In 
